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Abst rac t - - In  the present paper, the Pad@ approximants technique is applied to the study of plane 
jets. In order to verify the applicability of this technique injet flows, two problems having different 
flow field characteristics have been chosen as test cases. In the first case, the fluid-dynamic field 
of a jet emerging in a medium in motion at constant velocity is analysed; in the second case, the 
external medium is at rest, but together with the jet, is subjected to the external force of a transverse 
magnetic field. In both cases, the jet issues in a medium having its same properties. 
The laminar boundary layer equations have been solved by first expanding the stream function 
in a Taylor series in terms of a suitable power of the abscissa, nd then by analytically continuing 
the series by means of the Pad@ approximants. The accuracy of the results has been tested by the 
comparison ofthe velocity distributions obtained by Pad~ approximants with those calculated by an 
asymptotic solution holding for large values of the abscissa in the first case, and with the analytical 
solution in the second case. 
Keywords--Viscous jets, Pad6 approximants. 
1. INTRODUCTION 
The Pad@ approximants (P.a.), presented by Pad@ in 1892 [1], have been introduced in different 
ways as analytically continuing a Taylor series [2], through moment heory [3], through Hilbert's 
method of minimal iterations [4,5] or through the theory of orthogonal polynomials [6], and have 
been extensively used in fluid dynamics (see, for instance, [7]). 
Also, jets have been studied from many years, both in laminar and turbulent regime, and in 
many different configurations: plane and axisymmetric jets, wall jets, wall impinging jets, heated 
jets, jets entering a crossfiow. Among the pioneer works concerning the fluid dynamics of jets, 
those of Schlichting [8], Bickley [9], Landau [10], Squire [11], and Glauert [12] must be mentioned. 
In particular, Schlichting's model of a laminar jet considers a thin incompressible homogeneous 
jet issuing into a medium at rest. This model can be analysed easily, because the governing 
equations admit a similarity solution. However, many other physical situations are of primary 
interest, in which the solution similarity may break down making the problem harder to solve. 
An example of these nonsimilar problems is given by a jet issuing into a moving medium, as it 
occurs in the case of jet propelled vehicles. 
In the present paper, the P.a. technique is applied to the study of jet flows. In order to ascertain 
the validity of this approach, two different problems have been studied. In the first test case, 
the jet emerges in a medium in motion at constant speed; in the second, the external medium is 
at rest but, together with the jet, is subjected to the external force due to a uniform transverse 
magnetic field. 
The same linearized problems have been solved by Pozzi and Bianchini [13]. Moreau [14] and, 
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independently, Tsinober and Shcherbinin [15] found the similarity solution for the jet subjected 
to a transverse magnetic field, which, successively, has been deeply reanalysed and reinterpreted 
by Moffat and Toomre [16]. More recently, this solution has been also discussed in the context 
of rotating jet flows by Gadgil [17] and Page and Eabry [lS]. 
The laminar boundary layer equations have been solved here using a Taylor series expansion 
in terms of a suitable power of the abscissa, whose coefficients are functions of the Schlichting 
similarity variable and are related to the Legendre functions. The first nine coefficients of the 
series have been calculated numerically and P.a. have been used to calculate the velocity profiles 
beyond the series radius of convergence in the first case, and to obtain, in the second one, an 
accurate description of the fluid-dynamic field starting from a reduced number of series terms, 
insufficient to obtain correct results within the whole flow field. 
The accuracy of the results has been tested by comparing the velocity distributions obtained 
by using the P.a. with those calculated by means of the Taylor series for small values of the 
abscissa, with the asymptotic solution holding for large values of the abscissa in the first case, 
and with the analytical solution in the second case. 
2. MOTION EQUATIONS 
Following Landau and Squire, who independently found one of the few analytic exact solutions 
of the Navier-Stokes equations, that of a spherical-symmetric jet, and Schlichting and Bickley, 
who considered the boundary layer approximation for a plane jet exiting from an infinitesimal 
wall hole, the jet is modeled as a point source of momentum. The model of a jet of infinitesimal 
thickness makes the present analysis valid within the whole external medium except at the inlet 
region, immediately downward the source. The problem geometry and the reference frame for the 
two studied cases are shown in Figure 1. The nondimensional, steady, incompressible, aminar, 
boundary layer equations, in the assumption that the jet and the medium are constituted by the 
same fluid, read 
ux + v~ = 0, (1) 
uux + vu~ = uy~ + F(x, y), (2) 
where the function F takes into account aperturbing phenomenon with respect to the Schlichting 
model, and u and v represent, respectively, the difference between the components ofthe velocity 
along the x and y axis and the corresponding values of the outer stream. 
t l  e 
B_ 
X 
#---- Momentum point source 
Figure 1. Problems geometry and reference frame. 
Since the external field is, in both cases, isobaric and the pressure does not vary along the 
boundary layer, the pressure term in the axial momentum equation vanishes identically. 
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The boundary conditions for the velocity prescribe the jet symmetry with respect o the x axis 
and the coincidence of the axial velocity component with tile external one at infinity 
v(x, O) = O, uy(x, O) = O, u(x, cx~) = 0. (3) 
Due to the parabolic haracter of the steady boundary layer equations, one initial condition is 
required at the source abscissa (x = 0). This last condition, being the infinitesimal jet singular 
at the origin, can, as suggested by Schlichting, be given in integral form. 
Let us indicate with Ki the initial axial momentum of the jet (per unit of length in z direction) 
with respect o the external medium 
F Ki = u 2 (0, y) dy. oo  (4) 
By integrating the momentum equation (2) with respect o y between -y  and y, and letting y 
tending to infinity, after some simple manipulations, taking into account he continuity equa- 
tion (1) and the boundary conditions (3), one obtains 
dF F - -  u2(x, y) dy = F(x, y) dy. (5) dx e¢ c¢ 
This equation shows that, if the integral at the r.h.s, of equation (5) does not vanish, the momen- 
tum of the jet (the integral at the 1.h.s.) does not remain constant with varying the abscissa x, 
as happens in the Schlichting case. 
By integrating equation (5) with respect to x, one obtains the law of variation of the momentum 
flux with the abscissa 
F /o [L ] u2(x, y) dy = F(x, y) dy dx + K~. (6) oo  
By exchanging the order of integration, the following quantity independent of x can be found: 
J _~ [u2(x,y) -  ~oXF(x,y)dx] dy. (7) 
Its value, equal to the initial momentum of the jet Ki, can be assigned at x = 0 as initial 
condition. The mass flow Q due to the jet can be calculated from the continuity equation and is 
related to the normal velocity at infinity 
/o /o x Q = 2 u dy = -2 v(x, c¢) dx + Q(O). (8) 
3. TAYLOR SERIES EXPANSION OF THE STREAM FUNCTION 
On introducing the stream function ¢(u = Cy, v = -¢x),  the continuity equation is identically 
satisfied. In terms of ¢, the momentum equation (2) and the boundary conditions (3) read, 
respectively, 
~x(z,  o) = o, ~(z ,  o) = o, 
(9) 
~(x ,  c¢) = 0. (10) 
In the Schlichting case, a similarity solution in terms of the similarity variable z = y/3x 2/3 exists: 
¢ = xl/3fo(z). In the cases in which F is different from zero, equation (15) could no more admit 
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a similarity solution and a more general expression for the stream function is needed. For this 
purpose, the following expression for the stream function ~b is assumed: 
oo 
¢ = xl/3f(m, z) = x 1/3 ~ fi(z)mi(x), (11) 
i=0  
where the function f(m, z) is analytic with respect o the variable m = kx p, and k and p are 
constants to be determined later. 
The velocity components, written in terms of the series (11), are given by 
(X3 OO 
1 ~f ,mi  1 E [2z f~- ( l+3 ip ) f i ]m i. (12) 
U - -  3x l /3  A .~ g i  , V - -  312/3  
i=0 i=0 
The equation for the unknown f(m, z), obtained by substituting equation (11) in the momentum 
equation (9), is 
(fz + f---~) + m(fmfzz - fmzfz) + 27xS/3F = O. (13) 
zz  
The choice of the form (11) for the stream function ¢ allows us to reduce the problem of solving 
the partial differential equation (9) with boundary conditions (10), to that of solving an infinite 
set of ordinary boundary value problems for the unknown functions fi(z) appearing in equation 
(11). This can be accomplished if the function F has the form 
F = klxqh(m, z), (14) 
and the function h(m, z) is analytic with respect o m: h(m, z) = ~=o hi(z) m~" 
By letting k = 27kl, p = q + 5/3, and therefore, specifying the parameters k and p still free 
equation (13) reads 
fz + -~ + m(fmfzz - fmzfz) + mh = 0. (15) 
zz  
By substituting the series expansions of the functions f(m, z) and h(m, z) into equation (15) and 
grouping the coefficients of the homologous powers of m, one obtains the following infinite set of 
ordinary boundary value problems: 
for i = 0 and 
% + = o, (1~) 
] ' "  + f0 f "  " ' ' - 3zpf~(f~ + fifo) = Ni + hi- l ,  (17) 
i - -1 
' '  1 ~r'¢'' (18) Ni = E(3p j  - 1)fjf~_j - (3pj + ,J3Ji-j, 
j= l  
while the term hi-1 depends on the actual form of the series giving F and is a function of the 
i - 1 th order solution only. 
The boundary conditions for equations (16),(17), obtained by substituting equation (11) in the 
boundary conditions (10), are for every i, 
y,(o) = o, f ' (o )  = o, f ' (~)  = o. (19) 
for i = 1,2, . . . ,  where the apex indicates derivation with respect o z. 
The known term Ni, function of the previous cicles, is obtained by performing the Cauchy 
products between the nonlinear terms of equation (15) 
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The zero TM order equation (16) coincides with the Schlichting one and is nonlinear; equations (17) 
are, instead, linear and nonhomogeneous and take into account he contribution due to F. 
The third order equation (16) can be solved in closed form. Since it admits two first integrals, 
its order can be lowered twice. The first order equation obtained in this way, a Riccati equation, 
is elementary integrable. Since equation (16) and the boundary conditions (19) are invariant 
under the change of variables 
f = = - ,  (20) 
the solutions corresponding to a generic value of the parameter c~ can be easily deduced once a 
solution is known. The initial momentum Ki depends on the parameter c~ through equation (4). 
The Schlichting solution, corresponding to the initial momentum Ki = 16c~3/2/9, is 
(5_) f0 = c~tgh az  , f° = 2cosh 2 (c~z/2)' f~' = - fo i l ,  (21) 
( zo (oz)) 
u = , v - tgh (22) 
cosh  /2) T 
In the following, we put a = 1. The asymptotic behaviour of the Schlichting solution and of 
its derivatives for z tending to infinity is exponential 
fo "~ 1 - 2e -z,  f~ ,.~ 2e -z,  fg' ,--, -2e  -z.  (23) 
Exploiting the equality (21c), equation (17) can be written as 
(f~ + f~fo)" - 3ipf~(f~ + fifo) = Ni + hi-1 = Ti. (24) 
This form suggests the change of variables: Gi = f~ + fofi ,  s = f0, which leads to the system 
(1 ~2~,-,,, _ 2sG, i _ 6ipGi - 4Ti 
- ~ j t~  1 - s 2 '  (25)  
(1 - s2)f~ + 2sfi = Gi, 
subject to the homogeneous boundary conditions 
fi(O) = 0, a'i(0 ) = 0, ai(1) = 0, (26) 
where the apex now indicates derivation with respect o s. The associated homogeneous system 
has a regular ordinary point at s = 0, (z = 0), and a regular singular point in s = 1 (z = ~) .  At 
this last point, two of the homogeneous solutions are regular and the third one can be expanded 
in Fuchs series. The general integral of equation (25a) is given by 
ai  = AiP~(s) + BiQ~(s) + Gip, 
~s  P.Ti  ds ~ • (27) 
-4P ' J fo  ~ds '  Gip 4Q~ 
where P~,(s) and Q~(s) are, respectively, the associated Legendre functions of first and second 
kind of complex degree u = [-1 +j(24 ip -  1)1/2]/2, Ai and Bi two free integration constants, and 
G w a particular solution of equation (25a). Therefore, the general integral of the system (25) 
and its first two derivatives can be written as 
fi = (1 -  s2) [C~ + 2 /o~ A~P~ + BiQ~ + G'P ds , 
f~ _ 2(Gi - sf i)  , 2(G~ - fi) (28) 
1 - s 2 ' f~ - 1 - s 2 
By means of the adopted change of variables, it is easy to prove that the homogeneous boundary 
value problem (25),(26) does not admit eigensolutions. Equations (26a) and (28a) prescribe 
Ci = 0; being P~(1) = 1 and 
l imQ~(s) - ln(1 - s) (29) 
s~l 2 ' 
equation (27a) implies that the boundary condition (26c) cannot be satisfied if Ai and/or Bi are 
different from zero. 
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4. PADI~ APPROXIMANTS 
The divergence of a power series representation f a function f(z) indicates the presence of 
singularities. The divergence ofpower series reflects the inability of a polynomial to approximate 
a function adequately near a singularity. The basic idea of summation theory is to represent the 
function in question by a convergent expression. A summation method having the property of 
requiring only a finite number of terms of the divergent series for approximating it, is the one 
due to Pad~. 
c~ The idea of Pad~ is to replace a power series representation f the function f(z) = ~-~i=o fi zi 
by a sequence of rational functions, called the P.a., of the form 
pg(z  ) _ A(z) 
B(z )  ' (30) 
where A(z) N i M j = ~-~4=0 Aiz , B(z) = ~~j=o Bjz and B0 can be set equal to one without a loss of 
generality. The remaining coefficients are determined so that the first M + N + 1 terms in the 
Taylor series expansion of PN(z) match with the first M + N + 1 terms of the power series. In 
this way, it is possible to obtain a rapid convergence by using only few terms of the original power 
series, but, above all, the utility of P.a. lies in the fact that they often converge to f(z) also when 
the Taylor series ~-~0 fi zi diverges. 
The coefficients Bj (j = 1, 2,. . . ,  M) and Ai (i = 0, 1,. . . ,  N) can be easily calculated solving 
two systems of linear algebraic equations obtained by: 
(i) equating the P.a. to the Taylor series, 
(ii) multiplying both members of the equality by B(z), 
(iii) performing the Cauchy product between B(z) and the Taylor series, 
(iv) equating the coefficients of the same powers of z in the obtained relation. 
In this way, one has the following N + M + 1 equations, equal in number to the unknown 
coefficients, 
j+N 
Z fkBj+N-k = 0, 
k=O 
i 
A~ = Z f i - jBj,  
j=O 
1 _< j _< M, (31) 
0 < i < N. (32) 
The first set of equalities (31) constitutes a system of M linear algebraic equations for the 
unknown Bj (j ¢ 0 being B0 fixed). Once the system for the Bj has been solved, the unknowns 
Ai can be explicitly deduced from the set of equations (32). The special series of P.a. for which 
M -- N is called diagonal. Among the P.a., those belonging to the diagonal sequence have the 
remarkable property that the minimum module of the roots of the polynomial B(z) approximates, 
with increasing N, the radius of convergence of the series ) -~0 f~ zi" 
5. METHOD OF SOLUTION 
For the two problems taken into consideration, equations (17) for i = 1,... ,8, subjected to 
the boundary conditions (19), have been iteratively integrated with a fifth order Runge-Kutta 
algorithm and integration step Az = 0.01. The boundary conditions have been satisfied by 
adding to a particular solution a homogeneous one, both satisfying the initial conditions, and 
determining the free constant of integration by imposing the condition at infinity. Once the 
functions fi(z) have been determined, the Taylor series (12) for the velocity components have 
been evaluated. 
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Then P.a. have been used to continue the Taylor series (12) beyond their radius of convergence 
in the first case, and, in the second one, to find the solution within the range of convergence 
when the number of calculated terms of the series was insufficient to reproduce the exact solution. 
Only P.a. pertaining to the diagonal sequence (N = 1, 2, 3, 4) have been considered. When not 
otherwise specified, the Taylor series are truncated after the ninth term and the P.a. are calculated 
for N= M=4.  
6.1 .  JET  INTO A MEDIUM MOVING AT  CONSTANT SPEED 
In this case, F = -ueux  where u~ is the external velocity. One has k = 3u~, p -- 1/3, 
h(m,  z) = 2Zfzz + fz  - mfmz,  h i -1  = 2zf~'_i + (2 - i ) f~_ 1. Equation (7) in this case reads 
/? '/? ~(u + ~)  dy = ~ fz(m + fz) dz 
oo  oo  
(/g)2 dz + m i ' = - ( f~- I  + ci) dz = K i ,  (33) 
3 ~ 3i=1 00 
i 
where ci ~~j=o ' ' = f~f i - j .  On equating the coefficients of the same powers of m, only the equality 
1/? 
(f;)2 dz = K i ,  (34) 
O<9 
must be imposed as initial condition, since the others are identically satisfied being the integral 
of u(u  + u~) independent of x. 
In the present case, equation (15) and the boundary conditions (10) are invariant under the 
change of variable 
m f 
. . . .  , (35) #--  ~2' ~=~z,  ~o 
while the initial condition reads 
F Ki - 1 ~(¢ ,0 )  d(. (36) 3o~3 oc 
As in the Schlichting problem, once a solution corresponding to a given Ki has been found, those 
corresponding to a different value of Ki can be deduced on applying the transformation (35). 
An asymptotic solution of equation (15), holding for large values of the abscissa, can be easily 
found. Letting u = u~ + Ua~ with u~ = o(u¢), the equation determining the unknown Uas can 
be obtained solving the linearized momentum equation 
u~uasx  = u~,y~,. (37) 
The boundary conditions associated with this equation can be obtained from equations (3) 
and (7), namely 
/7 Uasy(z,O) = O, uas(x, oc) = O, Ue uasdy = K i .  (38) oo  
It is easy to verify that the above problem admits the similarity solution 
Ki  exp( -y2ue/4z )  
uas = 2ue(xTr)l/2 (39) 
For small values of the abscissa, the Taylor expansions and the P.a. give practically the same 
results. A plot of the function u* -- mu/u~ on the axis is shown in Figure 2. Here the Taylor 
114 
2.0 
r (o )  
1.5 
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0.0 0.1 
Table 1. Axial velocity along the axis. Comparison 
between P.a. (N = 2) and Taylor series (5 terms). 
Figure 2. Axial velocity u* along the jet axis. Comparison between Taylor series 
(-- -) and P.a. (--). 
Table 2. Axial velocity along the axis. Comparison 
between P.a. (N = 3) and Taylor series (7 terms). 
+.22216E+000 
+.18832E+000 
+.16811E+000 
+.15467E+000 
+.14625E+003 
+.75133E+003 
+.23941E+004 
+.58751E+004 
m 
0.01 
0.02 
0.03 
0.04 
0.05 
0.06 
0.07 
0.08 
0.09 
0.1 
1 
2 
3 
4 
5 
Pad@ Taylor 
+.49575E+000 +.49575E+000 
+.49160E+000 +.49160E+000 
+.48753E+000 +.48753E+000 
+.48354E+000 +.48355E+000 
+.47964E+000 +.47968E+000 
+.47581E+000 +.47593E+000 
+.47206E+000 +.47237E+000 
+.46838E+000 +.46909E+000 
+.46477E+000 +.46625E+000 
+.46123E+000 +.46410E+000 
+.28851E+000 +.37968E+004 
+.21847E+000 +.24775E+006 
+.18352E+000 +.28409E+007 
+.16256E+000 +. 16015E+008 
+.14859E+000 +.61218E+008 
series is indicated by the dashed line and the P.a. by the solid line. Whi le the Taylor series 
diverges at m about  10 -2,  the P.a, continues to decrease monotonical ly with increasing m. The 
values of the function u* on the axis, calculated by the 5, 7 and 9 terms Taylor series and by 
the corresponding P.a. of the diagonal sequence (N -- 2, 3, 4), are reported, with varying m, in 
the Tables 1-3, respectively. As one can see from these data,  the t runcated Taylor series rapid ly 
diverges with increasing m, while the P.a. remain finite. The values of the first nine derivatives 
f~(0) are l isted in Table 4. 
The radius of convergence of the Taylor series for the axial component of the velocity on the 
axis has been approx imated as explained in Section 4, the corresponding values for N -- 1,2, 3, 4 
are reported in Table 5. 
m 
0.01 
0.02 
0.03 
0.04 
0.05 
0.06 
0.07 
0.08 
0.09 
0.1 
1 
2 
3 
4 
5 
+.46478E+000 +.46511E+000 
+.46125E+000 +.46177E+000 
+.29040E+000 +.90311E+001 
+.47207E+000 +.47217E+000 
+.46839E+000 +.46858E+000 
+.48753E+000 
+.48355E+000 
+.47966E+000 
+.47587E+000 
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Pad@ Taylor 
+.49575E+000 +.49575E+000 
+.49160E+000 
i , I I I I I l r i I i i I I 
0.2 0.3 0.4 0.5 
i n  
+.49160E+000 
+.48753E+000 
+.48354E+000 
+.47964E+000 
+.47582E+000 
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Table 3. Axial velocity along the axis. Comparison between P.a. (N = 4) and Taylor 
series (9 terms). 
m 
0.01 
0.02 
0.03 
0.04 
0.05 
0.06 
0.07 
0.08 
0.09 
0.1 
1 
2 
3 
4 
5 
Pad4 Taylor 
+.49575E+000 +.49575E+000 
+.49160E+000 +.49160E+000 
+.48753E+000 +.48753E+000 
+.48354E+000 +.48356E+000 
+.47964E+000 +.47977E+000 
+.47581E+000 +.47640E+000 
+.47206E+000 +.47415E+000 
+.46838E+000 +.47466E+000 
+.46477E+000 +.48131E+000 
+.46123E+000 +.50046E+000 
+.28809E+000 +.47676E+007 
+.21762E+000 +.12358E+010 
+.18238E+000 +.31806E+011 
+.16124E+000 +.31837E+012 
+.14714E+000 +.19000E+013 
Table 4. Values of f~(0) in the case of 
the medium in motion. 
i f'(0) 
0 +.500000E+000 
1 -.429652E+000 
2 +.491948E+000 
3 -.114283E+001 
4 +.961167E+001 
5 -.162269E+003 
6 +.395000E+004 
7 -.125251E+006 
8 +.488902E+007 
Table 5. Approximate values of the 
Taylor series radius of convergence. 
N radius ofconv. 
1 0.873369 
2 0.075229 
3 0.034410 
4 0.017766 
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In F igures 3 and 4, the profiles of u* computed by means of the P.a. are compared with the 
Taylor series. A similar comparison for v* = 3x2/3v is made in F igure 5. In both cases, one can 
observe how the series diverge, while increasing the abscissa, also at ordinates different from zero, 
becoming inadequate to describe the exact behaviour of the velocity profiles. 
The accuracy of the numerical integration for i = 1 has been checked by compar ing the numer- 
ical solut ion with the one of Pozzi and Bianchiui [13]; the exact values o f /1 (oc )  and f~(0), given 
in analyt ic  form by f l (c~)  = -T rcotg( ru /2 )  + 29(1) -21n2 - 9(1 + u/2) - ~(v /2  + 1/2) - 1 
= -O.561132 and f~(0) = 2Q~(0) -7rcotgQru/2)P~(O)  -1  = -0.4296518, where the symbol  
indicates the d igamma funetion, are correctly reproduced up to the sixth decimal digit. The 
calculat ion accuracy of the coefficients f i (z)  for i greater than one has been tested by compar ing 
their  homogeneous part  with its analyt ic expression. This has been obtained by: 
116 A. Pozzx AND E. BASSANO 
z 
4 ff 
3 - ~'~"~'% 
%-,  
1" : : .  
% - ,  
% ,, 
0 i , i I ' b i [ , L ; I i 1 1 l ' i " - I  
0.0 0.1 0.2 0.3 0.4 0.5 
Figure 3. Profiles of the axial velocity u* for the medium in motion. Comparison 
between Taylor series (*) and P.a. for m = 0 ( - - ) ,  0 .025  ( -  - - ) ,  0 .05  ( -  - ) .  
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U ~ 
Figure 4. Profiles of the axial velocity u* for the medium in motion. Comparison 
between Taylor series (*) and P.a. for m = 0.06 (- - -), 0.07 (- -). 
(i) determining the Taylor and Fuchs series expansions of the associated Legendre functions, 
of initial point s = 0 and s = 1, 
(ii) substituting these series into the homogeneous olution (28) (where Gip = 0), 
(iii) calculating the suitable expansions, inversions, products and integrals of series. 
Finally, the accuracy of the P.a. in the description of the whole fluid-dynamic field has been 
checked by comparing its behaviour for large values of the abscissa with the asymptotic solution. 
In Figure 6 are shown the plots of u* on the axis as given by the two solutions. The very good 
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Figure 5. Profiles of the transverse velocity v* for the medium in motion. Comparison 
between Taylor series (.) and P.a. for m -- 0 (--), 0.025 (- - -), 0.05 (- -). 
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Figure 6. Axial velocity u* along the jet axis. Comparison between P.a. (--)  and 
asymptotic solution (- - -). 
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agreement between them is also confirmed by the numeric values listed in Table 6. Here in the 
first column are reported the abscissas m, in the second one the values obtained by the P.a. and 
in the third one the asymptotic solution. As one can see, at large values of the abscissa, the 
relative rror is of the order of 0.1%. 
6.2. JET  OF  CONDUCTIVE  FLU IDS IN  PRESENCE 
OF  A TRANSVERSE MAGNETIC  F IELD 
In this case, F = -RmPmu, where R~ is the magnetic Reynolds number, Pm the nondimen- 
sional magnetic pressure 
B 2 
Rm = a#VL, Pm= #pV2, (40) 
CAPIt~ $0-11-I 
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Table 6. Axial velocity along the axis. Comparison between P.a. (N = 4) and 
asymptotic solution. 
m 
1 
1.5 
2 
2.5 
3 
3.5 
4 
4.5 
5 
Padd asymptotic 
~-.28809E+000 -F.32574E-}-000 
+.24581ET000 T.26596E+000 
T.21762E+000 -{-.23033ET000 
-{-. 19749E-b000 T.20601ET000 
%.18238E-F000 -t-.18806E%000 
~-. 17064E÷000 +.17411ET000 
~-. 16124E-{-000 +.16287E-{-000 
~-. 15355E%000 T.15355E+000 
~-. 14714E%000 -t-. 14567E÷000 
V the axial reference velocity, L the axial reference length, p the density, B the intensity of the 
magnetic field, a the magnetic onductivity, #the magnetic permeability. 
One has k = 9RmPm, p = 4/3, h(m,z) = - f z ,  h~-l(z) = -f '_ l(Z).  Equation (7) in this case 
reads 
:( /: ) ':o ) u 2+ RmPmudx dy=~ f2 z+~ fzdm dz oo o(3 
j [ z j :  )] 1 cO(fo) 2dz+ 1 oo oo 3 oo -3 mi Li=1 co \ -~  -}-ci dz = Ki, 
(41) 
i ! / where ci = )-~-/=o fj f~-j" Only the equality 
1 
/ :  (fg)2dz Ki, (42) 
3 oo 
must be imposed as initial condition as shown in Section 6.1. 
Since also in this case equation (15) is invariant under the change of variable (35), the conclu- 
sions concerning the initial momentum Ki made in the previous ection still apply. 
In the present case, equation (9) admits a similarity solution, obtained by Moreau [14] and 
rederived and reinterpreted by Moffat and Toomre [16], exploiting the von Mises transformation. 
The transverse magnetic field causes the annihilation of the jet momentum, and the axial velocity 
vanishes at a finite distance from the orifice. In proximity of this stopping station, the boundary 
layer approximation ceases to be valid, due to the symmetric spreading of the jet in transverse 
direction. In fact, equation (5) becomes 
u2 dy = -RmPm udy, (43) 
oo  
and shows that, as long as the flux at a given abscissa is positive, the momentum decreases 
monotonically with increasing x; at the same time, due to the continuity, the jet tends to spread 
away from the axis. The exact expressions of the stream function and of the velocity components 
are 
~) ~- X 1 /3  tgh(w), u = x -1/3 [1 - tgh2(w)] 
6 
v = z -2/3 [(3m/2 - 1)(1 - m/2)-l/2tgh(w) ÷ z(1 - tgh2(w))] 
3 , (44) 
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where w = z(1 - m/2)1/2/2. For values of m smaller than 2 and z tending to infinity, the ~, u 
and v have an exponential asymptotic behaviour. 
For m tending to 2, value at which the exact solution exhibits a singularity, one has: u --+ 0, ~ --~ 
O, 3x2/3v ----+ 2z, that implies v --~ 2y. Therefore, the axial velocity vanishes, while the transverse 
spreading velocity v increases proportionally to y. Details about the flow in the neighbourhood 
of the singularity can be found in Moreau [14], Moffatt and Toomre [16], Gadgil [17], Page and 
Eabry [18]. 
For i = 1, as in the previous case, the numerical integration reproduces correctly up to the 
sixth decimal digit the exact values of f l(oo) = f~(0) = -1//4, given by Pozzi and Bianchini [13]. 
Since the unknown functions fi(z) appearing in the series (11) are the coefficients of the 
McLaurin series expansion of f (m,  z) with respect o m 
/,(z) = ! (ov  (45) 
i \ am ~ ] m=0 
their analytic expressions can be deduced by performing the partial derivatives with respect o 
m of the function f (m,  z) = (1 -m/2)  1/2 tgh(w) and evaluating them at m = 0. The comparison 
between the functions fi(z) calculated numerically and their analytic expressions (45) has shown 
that the accuracy of the integration was the same as the one obtained for i = 1. 
The velocity components, calculated by means of the P.a. and the Taylor series (12), have been 
compared with the exact solutions (44). In Figure 7 is plotted the linear behaviour of u* on 
the axis, correctly reproduced by both methods (see equation (44b)), since the derivatives f~(0), 
listed in Table 7, vanish for i greater than 1. 
U* 
0.5 
0.4 
0.3 
0.2 
0.1 
0.0 
0.0 0.5 1.0 1.5 
m 
Figure 7. Axial velocity u* along the jet axis in presence of the 
transverse magnetic field. 
2.0 
Table 7. Values of f~(0) 
in the case of the transverse 
magnetic field. 
f'(o) 
0 +.500000E+000 
1 -.250000E+000 
2 +.000000E+000 
3 +.000000E+000 
4 +.000000E+000 
5 +.000000E+000 
6 +.000000E+000 
7 +.O00000E+O00 
8 +.000000E+000 
The vanishing of these derivatives implies the vanishing of the coefficients Ai and B~ for the 
same values of i. Since one also has f l  = -(zfo) ' /4,  the Legendre functions do not contribute 
to the solution, according to the circumstance that the derivatives (45) involve only hyperbolic 
functions. 
The P.a. profiles of u* and v* for m = 0, 0.5, 1, 1.5, 1.9 are plotted, respectively, in Figures 8 
and 9. The profiles of u* and v* obtained by the P.a., the Taylor series and the exact solution 
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P.a. profiles of the transverse velocity v* in presence of the transverse Figure 9. 
magnet ic  field for rn = 0 ( - - ) ,  0.5 (- -) ,  1 (- - -) ,  1.5 (- - -), 1.9 ( . . - ) .  
for m = 1.7, 1.8, 1.9, are compared in Figures 10 and 11, respectively. Here the solid line refers 
to the exact solution, the dashed line to the P.a., the dashed line with asterisks to the truncated 
Taylor series. These figures show how the Taylor series (12), thus convergent until m = 2, due 
to the finite number of terms taken into account, are unable to reproduce the exact solution 
until m = 2. The Taylor series remain accurate only near the axis, since the functions f~(z) 
for i greater than one tend to vanish together with their first two derivatives. The P.a., instead, 
at parity of calculated terms, give results in a good accordance with the exact ones, describing 
accurately the velocity distributions also for values of m close to m = 2. 
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field. Comparison for m = 1.7, 1.8, 1.9 between Taylor series (--), P.a. (- - -) and 
exact solution (- -*- -). 
7. ANALYS IS  OF RESULTS AND CONCLUSIONS 
The method of solution adopted in the present paper is based on the Taylor series expansion of 
the stream function. This analytic approach as the advantage, with respect o a numerical one, 
of identifying the functional dependence of the solution on the independent variables. The series 
expansion also allows us to evaluate its own range of validity given by its radius of convergence, 
and to recover, as a particular case, the linearized solution, whose knowledge is always useful for 
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finding the local behaviour of the solution and checking its accuracy. The P.a. have been used to 
continuate the initial Taylor series expansions beyond their radius of convergence or to ensure a 
more precise evaluation of them, at parity of calculated terms. 
The P.a. have already been usefully employed in fluid dynamics, as, for instance, by Pozzi [7], 
Pozzi and Lupo [19,20]. The present paper has been devoted to the validation of P.a. also in the 
analysis of jet flows. With this aim, two different problems involving jets have been selected as 
test cases, presenting different flow field characteristics, in order to check the applicability of P.a. 
in different situations, and giving the opportunity of verify the solution accuracy. 
As shown in the Sections 6.1 and 6.2, the jet issuing in a medium in motion at constant speed 
admits an asymptotic solution, while the jet subjected to a transverse magnetic field admits an 
exact similarity solution. 
These two problems differ for certain relevant aspects. In the first case, there are no external 
forces (in addition to the point source of momentum), but the motion is forced by the presence 
of the imposed external velocity, which appears into the boundary conditions. Also if, with the 
adopted change of variables, the boundary conditions in y are made homogeneous (as they are 
in the second case), and a "fictitious" external force F appears into the momentum equation 
playing the role of a momentum production term, F is proportional to ux rather than to u as 
happens in the second case. 
In the first problem, the velocity perturbation decreases monotonically with increasing x, tend- 
ing to zero only at infinity, the spreading of momentum is greater than the Schlichting one, but 
also tends to vanish at infinity. This is due to the fact that the force opposing the jet is pro- 
portional to the partial derivative of the axial velocity with respect o x, and therefore vanishes 
when u ceases to vary with varying the abscissa. 
In the second case, the flow pattern is, instead, completely different. The opposing force is 
now proportional to the axial velocity u, and therefore it is always acting until u is different from 
zero. This causes the jet stopping at a finite distance from the source and its division into two 
streams getting away from the axis symmetrically in transverse direction. 
The results presented in the previous Sections 6.1 and 6.2, whose accuracy has been ascertained 
in several ways, confirm that the P.a. are a useful and powerful mathematical tool of Taylor series 
continuation. 
In the first case, the P.a. have been able to join the initial power series expansion, having a 
small radius of convergence, with the asymptotic solution. For small values of the abscissa, the 
Taylor series and the P.a. coincide, as shown in the Figures 2-5 and in Tables 1-3, in accordance 
to the fact that the McLaurin series expansions of the P.a. with respect o m coincides with the 
Taylor series up to the M + N + 1 th term. For large values of m, the P.a. reproduce accurately the 
asymptotic velocity distribution along the axis, as one can note looking at Figure 3 and Table 6. 
In the second case, also if the series (11)-(12) are convergent until m = 2, as indicated by the 
equations (44), the series truncation after the ninth term does not allow an accurate calculation 
of the solution for m close to 2, as one can see in Figures 7-9. 
The P.a. are, instead, more accurate then the Taylor series expansions at parity of calculated 
terms, as proved by the same figures. This circumstance shows how P.a. can be very useful in the 
cases in which the number of terms of a series that can be calculated with the necessary accuracy 
is limited, a situation that often occurs in the solution of fluid-dynamic problems. 
Concluding, the results obtained in the present paper demonstrate he validity of the P.a. in the 
study of a jet issuing in a medium in motion at constant speed or in a medium at rest but subjected 
to a uniform transverse magnetic field. Due to the differences of the flow field characteristics 
existing between the two problems, it seems reasonable to expect hat Pad@ approximants can 
also be applied to the analysis of other jet flows, characterized by different forms of the external 
force F. 
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